Abstract. This note derives the characteristic polynomial of a graph that represents nonjump moves in a generalized game of checkers. The number of spanning trees is also determined.
exactly 4 times as many spanning trees as EC 2n+1,2n+1 , and it was his conjecture that motivated the present note. We will see that Stanley's conjecture follows from some even more remarkable properties of these graphs.
In general, if G and H are arbitrary bipartite graphs having parts of respective sizes (p, q) and (r, s), their weak direct product G × H has (p + q)(r + s) vertices (u, v), with (u, v) adjacent to (u ′ , v ′ ) if and only if u is adjacent to u ′ and v to v ′ . This graph G × H divides naturally into even and odd subgraphs E(G, H) = { (u, v) | u ∈ G and v ∈ H are in corresponding parts} , O(G, H) = { (u, v) | u ∈ G and v ∈ H are in opposite parts} , which are disjoint. Notice that E(G, H) and O(G, H) have pr + qs and ps + qr vertices, respectively. Our graphs EC m,n and OC m,n are just E(P m , P n ) and O(P m , P n ), where P n denotes a simple path on n points.
Let P (G; x) be the characteristic polynomial of the adjacency matrix of a graph G. The eigenvalues of E(G, H) and O(G, H) turn out have a simple relation to the eigenvalues of G and H: Theorem 1. The characteristic polynomials P E(G, H); x and P O(G, H); x satisfy
Proof. This theorem is a consequence of more general results proved in [7] , as remarked at the top of page 67 in that paper, but for our purposes a direct proof is preferable.
Let A and B be the adjacency matrices of G and H. It is well known [2; 12] that the adjacency matrix of G × H is the Kronecker product A ⊗ B, and that the eigenvalues of A ⊗ B are µ j λ k when A and B are square matrices having eigenvalues µ j and λ k , respectively [10, page 24] . Since the left side of (1) is just P (G, H; x), equation (1) is therefore clear.
Equation (2) is more surprising, because the graphs E(G, H) and O(G, H) often look completely different from each other. But we can express A and B in the form
where C and D have respective sizes p × q and r × s, and where O k denotes a k × k matrix of zeroes. It follows that the adjacency matrices of E(G, H) and O(G, H) are respectively
We want to show that these matrices have the same eigenvalues, except for the multiplicity of 0.
One way to complete the proof is to observe that the kth powers of both matrices have the same trace, for all k. When k = 2l is even, both matrix powers have trace tr(CC [10, pages 8, 18] ; and when k is odd the traces are zero. The
the traces of powers of the adjacency matrix of any graph G, via Newton's identities; therefore (2) holds.
Corollary 1. The characteristic polynomials P (EC m,n ; x) and P (OC m,n ; x) satisfy
Proof. It is well known [9, problem 1.29; or 4, page 73], that the eigenvalues of the path graph P m are
Therefore (1) and (2) reduce to (5) and (6).
Theorem 2. If m ≥ 2 and n ≥ 2, the number of spanning trees of EC m,n is P (OC m−2,n−2 ; 4), and the number of spanning trees of OC m,n is P (EC m−2,n−2 ; 4).
Proof. Both EC m,n and OC m,n are connected planar graphs, so they have exactly as many spanning trees as their duals [9, problem 5.23 ]. The dual graph EC * m,n has vertices (x, y) where 1 < x < m and 1 < y < n and x + y is odd, corresponding to the face centered at (x, y); it also has an additional vertex ∞ corresponding to the exterior face. All its non-infinite vertices have degree 4, and when EC * m,n is restricted to those vertices it is just OC m−2,n−2 . Therefore the submatrix of the Laplacian of EC * m,n that we obtain by omitting row ∞ and column ∞ is just 4I − M , where M is the adjacency matrix of OC m−2,n−2 . And the number of spanning trees of EC * m,n is just the determinant of this matrix, according to the Matrix Tree Theorem [1; 9, problem 4.9; 4, page 38].
A similar argument enumerates the spanning trees of OC m,n . The basic idea of this proof is due to Cvetković and Gutman [5] ; see also [3, pages 85-88] .
Combining Theorem 2 with equation (6) now yields a generalization of Stanley's conjecture [11] .
Corollary 2. When m and n are both odd, OC m,n contains exactly 4 times as many spanning trees as EC m,n .
Another corollary that does not appear to be obvious a priori follows from Theorem 2 and equation (5):
Corollary 3. When m and n are both even, EC m,n contains an odd number of spanning trees.
Proof. The adjacency matrix of P m is nonsingular mod 2 when m is even. Hence the adjacency matrix of EC m,n ∪ OC m,n is nonsingular mod 2. Hence P (EC m,n ; 4) ≡ 1 (mod 2).
Stanley [11] tabulated the number of spanning trees in OC 2n+1,2n+1 for n ≤ 6 and observed that the numbers consisted entirely of small prime factors. For example, the Aztec diamond graph OC 13,13 has exactly 2 32 · 3 
where ω = e πi/2n is a primitive 4nth root of unity. Thus each factor 4 − (ω
algebraic integer in a cyclotomic number field, and all of its conjugates 4 − (ω
appear. Each product of conjugate factors is therefore an integer factor of (8).
Let us say that the edge from (x, y) to (x ′ , y ′ ) in the graph is positive or negative, according
The authors of [6] showed that the generating function for perfect Unfortunately, however, the polynomial P does not seem to simplify nicely for general u and v, as it does when u = v = 1. In the case m = n = 3, the results look reasonably encouraging because we have
But when n increases to 5 we get
The quartic factor of P (OC 3,5 ; x) cannot be decomposed into quadratics having the general form
, so it is unclear how to proceed. Some simplification may be possible, because additional factors do appear when we set x = 2u + 2v: However, these factors are explained by the symmetries of EC m,n and OC m,n .
